We realize a heat engine using a single electron spin as a working medium. The spin pertains to the valence electron of a trapped 40 Ca + ion, and heat reservoirs are emulated by controlling the spin polarization via optical pumping. The engine is coupled to the ion's harmonic-oscillator degree of freedom via spin-dependent optical forces. The motion stores the work produced by the heat engine and therefore acts as a flywheel. We fully characterize the heat engine by measuring the temporally varying spin polarization and the state of the flywheel by reconstructing its Husimi Q function. We infer the deposited energy and the work fluctuations for varying engine runtimes in the onset of operation, starting in the oscillator ground state. We also determine the ergotropy, i.e. the maximum amount of work which can be extracted via a cyclic unitary.
Heat engines -producing mechanical work from thermal energy -have always been the centerpiece of thermodynamics. They consist of four fundamental components: a working agent, the cold and hot heat reservoirs, and a mechanism for deposition or extraction of the generated work. Recently, thermal machines have been experimentally demonstrated in the microscopic regime [1] [2] [3] and are currently entering the realm of well-controlled atomic systems: A single ion heat engine [4] and an ion-crystal based refrigerator [5] have been demonstrated recently, and engines based on ensembles of NV centers in diamond [6] , superconducting circuits [7] or ensembles of nuclear spins in a NMR setup [8] have been studied. With decreasing size of the constituent parts and at finite operation timescales, well-established notions such as work, heat and efficiency need to be reassessed [9] [10] [11] . In particular, far from the thermodynamic limit, fluctuations play a central role [12, 13] . For engines comprised of wellcontrolled microscopic degrees of freedom, the impact of quantum effects such as coherence and correlations has been subject to theoretical studies [14] [15] [16] [17] [18] .
Here, we report on the experimental realization of a heat engine based on a two-level system as a working agent, which is coupled to a harmonic-oscillator degree of freedom. The latter acts as a work repository, where output energy is deposited throughout the operation of the engine. It is henceforth referred to as flywheel [19] . Both the engine and flywheel degrees of freedom allow for direct control. This enables the complete characterization of the work deposition throughout the onset of the engine operation, at an energy resolution below the single quantum level. Starting with the flywheel initialized in the ground state, we reconstruct its state after different engine operation times. In particular, we quantify the ergotropy [20] , i.e. the amount of energy which can be further extracted and used. The results reveal how the generation of useful work is limited by effects which are characteristic for microscopic systems.
The spin heat engine operates on the spin-1 2 of the valence electron pertaining to a single trapped 40 Ca + ion.
Sketch of the spin heat engine showing the harmonic potential and the spin-dependent optical standing-wave potential for ↑⟩ (red) and ↓⟩ (blue), as well as the alternating optical pumping. b) Cycle of the engine: The diameter of blue (red) circles indicates the ↓⟩ ( ↑⟩) populations. From left to right: isochoric heating, isentropic expansion, isochoric cooling and isentropic compression (see text). As there is less population in the upper state for the compression stroke as compared to the expansion stroke, net work is obtained from thermal energy.
Heating and cooling of the spin is achieved by controlling the population of its quantized levels via optical pumping at alternating optical polarization, see Fig. 1 (a). The harmonic motion of the ion in the confining Paul trap acts as the flywheel. We place the ion at the node of an optical standing wave [21, 22] , which mediates the coupling between the engine and flywheel. We implement a fourstroke Otto cycle, see Fig. 1 (b), and fully characterize the flywheel state after operating the engine for different finite durations. To that end, we reconstruct the Husimi Q function of the oscillator [23] , which gives access to the statistics of the work deposited in the flywheel.
The spin is coupled to the harmonic oscillator via a spin-dependent optical dipole force [21] , generated by a phase-stable optical standing wave (SW) far detuned from an atomic dipole transition [22] and aligned along the x direction. The trap center x = 0 coincides with a arXiv:1808.02390v1 [quant-ph] 7 Aug 2018 node of the SW. The Hamiltonian of the coupled spinoscillator system readŝ
where ω z denotes the Zeeman splitting of the spin,σ z is the Pauli z operator, and ω t is the trap frequency along the x direction, with the corresponding number operator n. The parameter ∆ S denotes the amplitude of the SW in terms of the spatially varying ac-Stark shift, where k SW is the effective wavenumber. The thermodynamic internal energy is given by the Zeeman energy of the spin: U = ̵ hω ′ z (⟨x⟩)⟨σ z ⟩ 2. For small displacements k SW ⟨x⟩ ≪ π, the effective Zeeman shift is ω ′ z (⟨x⟩) = ω z +∆ S k SW ⟨x⟩. The alignment of the spin in the external magnetic field is controlled by optical pumping at alternating polarization, see Fig. 2 (b), emulating the coupling to the reservoirs. The cold reservoir at temperature T C leads to predominant population of the lower-energy Zeeman sublevel, ⟨σ z ⟩ ≳ −1, while the hot reservoir at temperature T H > T C leads to predominant depolarization, ⟨σ z ⟩ ≲ 0. The corresponding temperatures are deter-
The optical pumping is alternating at the trap frequency ω t , which leads to excitation of the oscillator, i.e. deposition of work in the flywheel. The engine is equivalent to a four-stroke Otto motor. Associating the effective Zeeman shift ω ′ z with the inverse volume of the working gas in a macroscopic engine, we identify the four strokes of the cycle as follows: The first optical pumping step realizes isochoric heating of the spin. In the second step, the harmonic oscillation leads to an decrease of ω ′ z , i.e. isentropic expansion, before isochoric cooling takes place in the third step. In the final step, the harmonic motion leads to increase of ω ′ z , i.e. isochoric compression. Invoking the first law of thermodynamics dU = δW + δQ for the individual strokes, the work for the isentropic strokes is given by δW = 1 2 ⟨σ z ⟩dω ′ z and the heat for the isochoric strokes by δQ = 1 2 ω ′ z d⟨σ z ⟩ [24] . As energy is continuously stored in the flywheel, which runs without dissipation, the amplitude of the harmonic oscillation increases during the operation of the engine. Therefore, the cycle is not closed and both efficiency and power increase with the number of cycles.
The optical pumping processes are subject to intrinsic randomness, which gives rise to fluctuations in the work deposition. The frequent coupling to external degrees of freedom (vacuum modes of the electromagnetic field) leads to quasi-classical dynamics of the coupled spinoscillator system and therefore prevents the flywheel from assuming non-classical states. Therefore, spin-motion entanglement [21] is prevented and the combined heatengine flywheel system can be accurately described by product states.
The experimental sequence is depicted in Fig. 2 (c) . In each experimental run, the flywheel is initialized in its groundstate via resolved sideband cooling [25] , the SW is switched on and the alternating optical pumping is carried out. We stroboscopically characterize the state of the flywheel after different fixed engine runtimes t HE , ranging up to more than 20 flywheel oscillation cycles. After each runtime t HE , both the optical pumping and the SW are switched off. Then, the role of the spin degree of freedom is changed -rather than driving the engine, it is now employed as a probe for the state of the flywheelρ. We reconstruct the Q function of the flywheel Q(α, α * ) = 1 π ⟨0 D † (α)ρD(α) 0⟩, i.e. the probability to find the flywheel in the ground state after application of a displacement kickD(α). After the kick, the population of all states n, ↓⟩ is transferred to n − 1, ↑⟩, which is possible only for n ≠ 0. Subsequent spin readout yields ↑⟩ with a probability which corresponds to the Q function. A similar method has been used e.g. in Refs. [23, 26] . In the following, we describe the experimental steps.
We store a single 40 Ca + ion trapped in a miniaturized Paul trap [27] , at a secular trap frequency of ω t = 2π × 1.4 MHz along the x-axis. The Zeeman sublevels of the S 1 2 ground state are denoted by ↑⟩ and ↓⟩ (Fig. 2a) , and a constant magnetic field of about 0.38 mT yields a Zeeman splitting between these of about ω z = 2π × 13 MHz. The optical dipole force is generated by two laser beams in lin ⊥ lin configuration, both directed at 45 ○ to the trap axis and at 90 ○ to each other, such that the difference wavevector is aligned along the trap x-axis [22] . The beams are detuned by about 2π ×150 GHz from the S 1 2 ↔ P 1 2 'cycling' transition near 397 nm. Both beams have the same optical frequency, which gives rise to a static SW beat pattern along x-axis, at a differential ac-Stark shift amplitude of ∆ S = 2π × 2.73(2) MHz.
For alternating optical pumping, we employ a laser beam driving the cycling transition near 397 nm, propagating in parallel to the external magnetic field. The beam is switched on and off via an acousto-optical modulator (AOM), and in addition its polarization is dynamically switched using an electro-optical modulator (EOM). We achieve pumping rates of up to 3 × 10 6 s −1 , which allows for efficient optical pumping on timescales shorter than a trap period (Fig. 2b) . The durations of the pumping pulses (100 ns of heating and 200 ns of cooling) and EOM and AOM timings and signal amplitudes are chosen as to fix the reservoir temperatures T C and T H and to minimize parasitic resonant radiation-pressure induced excitation of the flywheel (below about 0.6 quanta for maximum operation time). We work with spin-down probabilities of 0.545(2) (hot) and 0.828(3) (cold), respectively. For the chosen Zeeman splitting ω z , this corresponds to T H = 3.5(2) mK and T C = 0.40(1) mK.
We run the heat engine for a time t HE , during which the SW is switched on and the alternating optical pumping is carried out. We then perform the state reconstruction measurement, starting with an additional displacement operation with complex amplitude α on the flywheel. This operation is realized by train of 10 voltage pulses of up 0.7 V amplitude, spaced by the trap period and applied to the trap segments neighboring the trap site (Fig. 2c) . The modulus of the displacement α is controlled by the voltage amplitude of the pulses [28] , whereas the phase of α is controlled by the delay of the first kick with respect to the onset of heat engine operation. After the displacement operation, the spin is pumped to ↓⟩. Subsequently, the population transfer from ↓, n⟩ to ↑, n − 1⟩ for n ≠ 0 is realized via rapid adiabatic passage (RAP) on the first red sideband of the stimulated Raman transition. For this, we employ laser pulses with sine-square intensity profile, a total duration of 100 µs, a frequency chirp rate of 2 kHz µs −1 , and a peak Rabi frequency on the transition ↓, 1⟩ ↔ ↑, 0⟩ of ηΩ max = 2π × 22 kHz. This ensures population transfer ↓, n⟩ ↔ ↑, n − 1⟩ with > 90 % fidelity for a wide range of motional quantum numbers 0 < n ≲ 60. For spin readout, we selectively transfer population from ↓⟩ to the metastable D 5 2 state via RAP on the S 1 2 ↔ D 5 2 quadrupole transition, driven by laser pulses near 729 nm, followed by detection of state-dependent fluorescence upon driving the cycling transition [25] .
The Q function is reconstructed in polar phase space coordinates by scanning α via the kick voltage amplitude and φ = arg α via the kick delay time. For increasing values of α , the resolution of φ is increased, such that the support of Q(α, α * ) in phase space is scanned with area elements of roughly constant size. Examples for reconstructed Q functions for different engine runtimes are shown in Fig. 3 . The reconstructed states are characterized by a displacement, with additional thermal energy fluctuations and dephasing.
We reconstruct Q(α, α * ) for different runtimes t HE of the heat engine, in steps of t (n) HE = n ∆t HE with ∆t HE = 3 µs, i.e. approximately every four engine cycles. For each reconstructed Q n , expectation values of functions F(α, α * ), corresponding to operators in anti-normal order, can be evaluated as ⟪F n ⟫ = ∫ Q n (α, α * )F(α, α * )d 2 α. The mean energies ⟪E n ⟫ = ⟪ α 2 + 1 2⟫ deposited in the flywheel are shown in Fig. 4 (a) .
We analyze work fluctuations by calculating the energy spread of the flywheel, ∆E n = ⟪E 2 n ⟫ − ⟪E n ⟫ 2 with ⟪E 2 n ⟫ = ⟪ α 4 − 2 α 2 + 1 4⟫. We compare the experimentally determined relative work fluctuations ∆E n ⟪E n ⟫ to the results of a semi-classical Monte-Carlo simulation, see Fig. 4 (b) . In the simulation, the spin is flipped at random times, governed by the rate equations for optical pumping [29] . The respective rates are set such that the dynamics of the polarization is consistent with measurement data shown in Fig. 2 (b) . The classical motion in the presence of the spin-dependent optical dipole force and harmonic confinement is solved numerically, and averaging over random spin-flip realizations is performed. The simulations account for photonrecoil-induced heating and finite wavelength of the SW, but do not include imperfections such as phase jitters of the SW, photon scattering from the SW field and trapinduced heating of the ion. Our measurements display good qualitative agreement to the simulation. However, as the measured relative work fluctuations exceed the simulation values consistently for longer runtimes, a performance reduction due to the mentioned imperfection effects is visible. Each of the effects is estimated to contribute at a similar level.
The power is obtained from P (t HE ) = d⟪E⟫ dt HE via a parabolic fit ⟪E⟫(t HE ) = at 2 HE + 1 2 , where a = 0.033(1) quanta/cycles 2 . As more energy is stored in the flywheel, the power increases, since the increasing oscillation amplitude leads to a larger effective Zeeman splitting amplitude and thus to increased work during the isentropic strokes. For computing the efficiency, we take into account the maximum heat absorbed during the heating stroke Q
n , corresponding to pumping events ↓⟩ → ↑⟩ occurring at the antinode of the SW. The work produced by the engine is W = (2π ω t )P (t HE ), where 2π ω t is the oscillation period. Then, the efficiency is given by η(t HE ) ≳ (2π ω t )P (t HE ) Q (h) max . Here, we ignore the variation of Q (h) throughout the engine start, leading to values underestimated by up to about 20 % relative error for small values of t HE . The results derived for power end efficiency are shown in Fig. 4 (c) .
We characterize the thermodynamic performance of the combined heat engine/flywheel system beyond energy statistics: At longer runtimes and correspondingly larger excitation, we observe kidney-shaped Q functions, i.e. additional dephasing. This dephasing reduces the amount of work that can be extracted from the flywheel. It originates from to the anharmonicity of the spin-dependent optical potential and from the fact that the spin flips occur at random times throughout finite pumping intervals of 100 to 200 ns. A completely dephased state of the flywheel would correspond to an ensemble of oscillators at random phases, from which apparently less work can be extracted. We analyze the measured flywheel states in terms of the ergotropy W, which is the maximum amount of work that can be extracted from a given state using cyclic unitaries [20] . It is given by W = tr[Ĥ HOρ ] − tr[Ĥ HOρp ], wherê H HO is the oscillator Hamiltonian andρ p its passive state, from which no energy can be extracted. The ergotropy W is in general smaller than the mean energy ⟪E⟫ of the state. We determine the ergotropy by fitting the reconstructed Q functions to a model function describing phase-diffused thermal coherent state, from which we determine the density matrix in a truncated number state basis. This in turn allows for the computation of the ergotropy, the results are shown in Fig. 4 (a) . We also determine the ergotropic power P (W) n = dW dt HE t (n) HE and the corresponding efficiency. In contrast to the power computed from the mean energy, we find a cubic increase of W with t HE , i.e. W(t HE ) = b ′ t 3 HE + a ′ t 2 HE , where a ′ = 0.004(3) quanta/cycles 2 and b ′ = 0.0006(1) quanta/cycles 3 . Hence, the ergotropy displays a qualitatively different behavior throughout the start of the operation: for small flywheel oscillation amplitudes the energy deposition to the flywheel is dominated by thermal spin fluctuations, see Fig. 4 (b) .
In conclusion, we have experimentally demonstrated the operation of a single spin-1 2 heat engine coupled to a harmonic oscillator flywheel, and we have completely characterized the thermodynamic performance of the combined engine and flywheel system, including the work deposition process. We have shown that full quantum state tomography allows for the assessment of the performance of microscopic engines. Our results reveal how work fluctuations dominate in the ultimate limit of machines operating on single atomic degrees of freedom. While our measurement method is intrinsically quantum mechanical, and while we initialize the flywheel in its quantum ground state, the resulting states of the flywheel are found to be of semi-classical nature. This is a consequence of the operational principle of the heat engine presented in this work, which requires optical pumping, i.e. strong incoherent coupling of the engine components to reservoirs to accomplish heat transfer. Ultimately, one would seek to establish reservoirs consisting of sets of trapped ions rather than external control fields, which would open up a plethora of possibilities for studying thermal machines completely comprised of well-controlled microscopic quantum systems. Further extensions of the spin heat engine could encompass limitcycle operation by adding persistent laser cooling of the flywheel, and demonstrating autonomous operation via adding a resonant polarization gradient SW, which would lead to a position-dependent spin temperature.
We acknowledge financial support by the Inneruniversitäre Forschungsförderung of the JGU Mainz. We acknowledge discussion with Martin Plenio, contributions to the experimental setup by Max Hettrich, Marcelo Luda, Thomas Ruster, Henning Kaufmann and earlystage-contributions by Johannes Rossnagel. * Present address: LIAF -Laboratorio de Iones y Atomos Evaluation of W requires knowledge of the density matrix of the flywheel. However, a direct computation from the noisy Q-function measurement data is not a viable approach. We employ parametric models for both the density matrix and the Q function and establish a relation between the different parameter sets. This allows for the estimation of the density-matrix parameters from Q-function measurement data and subsequent numerical computation of a truncated density matrix in the number state basis.
We model the flywheel stateρ by a thermal coherent state,ρ = ∞ n=0 p n (n)D(ζ) n⟩ ⟨n D (ζ),
with displacement ζ and the thermal phonon distribution p n (n) = n n (n + 1) n+1 ,
characterized by the mean thermal phonon number n. The value of the displacement is increased each time energy is stored in the flywheel, while the thermal component is induced by the spin fluctuations. We additionally account for dephasing by including the decay of the offdiagonal elements,
with a positive real parameter τ . For τ = 0, we retain a thermal coherent state, while τ → ∞ corresponds to an ensemble of oscillators with completely randomized phases.
The resulting phase-diffused thermal coherent state (PDTCS) is therefore fully determined by the parameter set P ρ = {ζ, n, τ }. Direct determination of these parameters from Q-function measurements would require fitting these to Q-function data generated from a given PDTCS density matrix via Q(α, α * ) = 1 π ⟨0 D (α)ρD(α) 0⟩ .
This would in turn require frequent computation of Qfunction values, which is computationally expensive and prone to systematic errors from trunction of the Hilbert space. We therefore pursue an indirect approach by employing an empirical model for Q functions describing PDTCS. We model the measured Q functions by Q(α; R, Φ, ∆α, κ)
Here, Re iΦ is roughly equivalent to the displacement ζ, ∆α 2 ≈n + 1 describes the amplitude spread induced by work fluctuations, and κ describes the dephasing: Here, κ = 1 yields a thermal coherent state, while κ = 0 corresponds to a completely undefined phase. The modified phase argument Φ ′ = −π + (arg(α) − Φ + π) mod 2π (6) enforces a well-defined Q-function. For each measured Q function, the parameter set P Q = {R, Φ, ∆α, κ} is obtained from fits to the model Eq. 5. We then generate Qfunction data from a parametrized PDTCS density matrix, for an initial guess parameter set P ρ based on the measurement parameters P Q . Fitting these Q-function data in turn to the model Eq. (5) yields a parameter set P ′ Q . We iteratively change P ρ until P ′ Q matches P Q , i.e. until the Q function computed from the parametrized density matrix reproduces the measurement data. As a result, from each measured Q function, we obtain a parameter set ζ,n, τ which allow for computation of the corresponding PDTCS density matrixρ in a truncated number state basis. This matrix can be diagonalized:
where p i > p j for i ≤ j
holds for the eigenvalues. We obtain the associated passive stateρ p by arranging the sorted eigenvalues along the diagonal in the number state basis:
The ergotropy is then computed from the difference of the expectation values of the oscillator HamiltonianĤ HO = ̵ hω t n + 1 2 : W = tr ρĤ HO − tr ρ pĤHO (10) 
